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We develop an entangled-probe scattering theory, including quantum detection, that extends the
scope of standard scattering approaches. We argue that these probes may be revolutionary in study-
ing entangled matter such as unconventional phases of strongly correlated systems. Our presentation
focuses on a neutron beam probe that is mode-entangled in spin and path as is experimentally re-
alized in [1], although similar ideas also apply to photon probes. We generalize the traditional van
Hove theory [2] whereby the differential cross-section is written as a properly-crafted combination
of two-point correlation functions. Tuning the probe’s entanglement length allows us to interrogate
spatial scales of interest through enhancements in this correlation function.
Introduction. For more than a century, scattering
techniques have been successfully employed to extract
information about structural and dynamical properties
of matter. Different types of probe (X-rays, electrons,
neutrons, for example) reveal different (classical or quan-
tum) characteristic properties of the target system de-
pending on the nature of the probe-target interaction.
So far, no quantum probe has exploited the character-
istic trait of quantum mechanics: entanglement. Can
one realize entangled-beams of particles? What infor-
mation do entangled probes extract from the target? In
this Letter we develop an entangled-probe scattering the-
ory that addresses some of these issues at a fundamental
level. Application to magnetic scattering by a simple
dimer shows that completely different scattering signa-
tures emerge when both the probe and the dimer spins
are entangled.
Recent work [1, 3, 4] has demonstrated two types of
entanglers capable of preparing a beam of neutrons in a
state exhibiting mode entanglement in two or three dis-
tinguishable subsystems. These probes can (and will)
be used in scattering experiments to examine condensed
matter systems in a way similar to standard neutron
scattering [5]. Ideally, one would like to develop quan-
tum measurements that identify/detect the entanglement
present in the target matter. Thus, extension of the stan-
dard textbook theory of scattering [6] to include entangle-
ment of the probe (or projectile) is necessary. Typically,
projectiles are counted by detectors arranged spatially
(see Fig. 1). The nature of those detectors may vary de-
pending on the property of the projectile one is trying
to unveil, and the counting rate as a function of scat-
tering angle from the direction of incidence defines the
differential cross section (DCS).
Mode entanglement contrasts with particle entangle-
ment [7] as realized, for instance, in beams of entangled
photon pairs [8]. The extracted scattering information is
different between these cases. Matrix elements in mul-
tiparticle scattering include two-body interaction opera-
tors for each particle, thus contributing to a multi-point
correlation function, whereas mode-entangled scattering
Figure 1. Scattering layout for the entangled probe of entan-
glement length ξ compared to an un-entangled wave packet,
of transverse width ∆, and a plane wave, of momentum k0.
Scattered waves from the target, with energies Eλ and eigen-
states |λ〉, are detected at distance r and solid angle dΩ.
uncovers carefully crafted two-point correlations of the
sample being probed. Importantly, by tuning the probe’s
entanglement one can in principle unveil entanglement in
the target system. To obtain additional information on
the nature of entanglement in the target one may need to
alter the way one detects the outgoing scattered probe.
For instance, we propose to detect the scattered entan-
gled neutron using a spin echo device.
Entangled-Probe Scattering Theory. For simplicity, we
focus on mode entanglement and consider a coherent
beam with two distinguishable subsystems: path and
spin. Given a separation in paths ξ (Fig. 1), a wave
packet description must be employed.
We define the simplest initial, t0 < 0, single-particle
entangled-probe state to be [9]
〈r|Φin(t0)〉 = 1
L
3
2
∑
k
g˜(k)eik·r−iω(k)t0 |χk·ξ〉,
with |χk·ξ〉 = 1√
2
∑
ν=0,1
e−
i
2 (−1)νΘk |χαν 〉,
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2where ~ω(k) = ~2k2/2m, m is the mass of the probe,
Θk = k·ξ + 2φ, φ a setup-dependent phase, and the
quantization box of the momentum pˆ states |k〉 is taken
to be of linear size L. We choose normalizations such that
〈r|k〉 = eik·r/L 32 , 〈k′|k〉 = δk′k, and 〈r′|r〉 = δ(r′ − r).
The entangled wave packet is characterized by the distri-
bution g˜(k) with mean momentum k0, transverse spatial
width ∆, and energy 〈Φin|Hˆp|Φin〉 = Ep, with Hˆp = pˆ
2
2m .
The orthogonal spin-1/2 states |χαν 〉 are defined along a
particular spin-quantization axis α = x, y, z, such that
σα|χαν 〉 = (−1)ν |χαν 〉 with σα representing Pauli matri-
ces (σˆ = (σx, σy, σz)). Note that the effective spin state
of the entangled probe is fully aligned (σˆ · χˆα)|χk·ξ〉 =
|χk·ξ〉 along the direction χˆx = (i cot Θk,− csc Θk, 0),
χˆy = (csc Θk, i cot Θk, 0), or χˆz = (cos Θk, sin Θk, 0).
The Hilbert space of the probe is Hprobe = Hpath ⊗Hspin.
Since we are interested in elastic and inelastic scat-
tering we must include dynamical properties of the tar-
get Hamiltonian Hˆt of spectral representation Hˆt|λ〉 =
Eλ|λ〉. Then, the total Hamiltonian of the probe-target
system is Hˆ = Hˆ0 + Vˆ , where Hˆ0 = Hˆp +Hˆt, with Vˆ rep-
resenting their interaction potential. The Hilbert space
of the probe-target system is Hprobe ⊗ Htarget, and has
basis elements denoted by |kχλ〉 ≡ |k〉 ⊗ |χ〉 ⊗ |λ〉. We
assume that the probe-target initial state is the mixed
state ρˆin = |Φin〉〈Φin| ⊗ ρˆt, with ρˆt =
∑
λ pλ|λ〉〈λ|, where
pλ is a Boltzmann weight if the target is in thermody-
namic equilibrium at t = t0.
We next extend the T -matrix formalism to include en-
tanglement in the probe. In the interaction picture the
propagator obeys UˆI(t, t0) = 1− i~
∫ t
t0
dt1VˆI(t1)UˆI(t1, t0),
with UˆI(t0, t0) = 1 and VˆI(t) = e
iHˆ0t/~Vˆ e−iHˆ0t/~. The
T matrix, defining the transition from the state |ψk〉 =
|kχk·ξ λ〉 to the state |ψ′〉 = |k′χ′λ′〉, is defined by
〈ψ′|UI(t, t0)|ψk〉 = δkk′δλλ′〈χ′|χk·ξ〉
− i
~
T˜ψ′ψk
∫ t
t0
dt1e
iω(ψ′,ψk)t1+t1 ,
with T˜ψ′ψk = 〈ψ′|Tˆ |ψk〉, ~ω(ψ′, ψk) ≡ Eψ′ − Eψk ,
Eψ = 〈ψ|Hˆ0|ψ〉, and  a regulator. In the above, the
usual limits t0 → −∞ and t → ∞ must be taken.
In the basis |ψk〉 we write the un-scattered state as
|ψ〉 = ∑k g˜(k) |ψk〉 = |Φin〉 ⊗ |λ〉. Note that this state
does not contain t dependence explicitly, as we are work-
ing in the interaction picture. Then,
〈ψ′|UI(t, t0)|ψ〉 = δλλ′ g˜(k′)〈χ′|χk′·ξ〉
− i
~
∑
k
T˜ψ′ψk g˜(k)
eiω(ψ
′,ψk)t+t
iω(ψ′, ψk) + 
.
When measuring the scattering away from the propaga-
tion axis of the wave packet g˜(k′) ≈ 0. Using this approx-
imation and the density of states ρ(Ek′) =
mk′
~2
(
L
2pi
)3
dΩk
with dΩk the solid angle in the direction of k, the prob-
ability of transition per final-state energy is 1∫
dt
dWψ→ψ′
dEk′
=
2pi2
~2
ρ(Ek′)
∑
k1,k2
g˜∗(k1)g˜(k2)T˜ ∗ψ′ψk1T˜ψ′ψk2
×δ(ω(k1)− ω(k2))[δ(ω(ψ′, ψk1))+ δ(ω(ψ′, ψk2))]. (1)
The Born approximation amounts to Tˆ ≈ Vˆ , such
that T˜ψ′ψk ≈ V˜ψ′ψk = Vψ′ψk/L3, with Vψ′ψk =∫
dr e−i(k
′−k)·r 〈χ′λ′|Vˆ (r)|χk·ξλ〉, for a local interaction
〈r|Vˆ |r′〉 = δ(r− r′)Vˆ (r). To compute the total probabil-
ity of scattering we sum over λ′, and χ′, and average over
λ, assuming the initial state of the target is the state ρˆt.
In taking the L→∞ limit, (L/(2pi))3/2g˜(k)→ g(k) and
L−3
∑
k → (2pi)−3
∫
dk, and normalizing by the time-
integrated average flux I =
∫
dt¯z(t), we obtain the DCS
d2σ
dΩ dEk′
=
m2k′
16~4pi4I
∑
λ,λ′,χ′
pλ
∫
dk1 k
3
1dΛ
∗
k1dΛk2
× V ∗ψ′ψk1Vψ′ψk2 δ(~ω + Eλ − Eλ′). (2)
where the energy transfer is ~ω ≡ Ek1−Ek′ and the inte-
gration measure is dΛki = g(ki)dΩki . Note that the con-
straint δ
(
ω(k1)−ω(k2)
)
in Eq. (1) enforces k1 = k2. The
probe’s entanglement is encoded in Vψψk , which is en-
hanced in magnitude whenever the relevant length scales
of entanglement in the target match ξ. As we will see
in the application, there are subtle interference effects
hidden in those matrix elements which are linked to en-
tanglement. When ξ = 0 and the incident state is a
plane wave normalized in a box, ¯z(t) = ~k0/mL3. In
this case, examining the limit L → ∞, with the con-
current restriction that ∆ ∼ L, the known form of the
standard plane wave (pw) cross section [5] is recovered:(
d2σ
dΩ dEk′
)
pw
= C k′k0
∑
λ,λ′,χ′pλ
∣∣Vψ′ψk0 ∣∣2 δ(~ω + Eλ − Eλ′)
with C = m2/4pi2~4.
After scattering, the probe state becomes entangled
with the target state, and the Lippmann-Schwinger equa-
tion describes the resulting outgoing state [6]. The out-
going scattered probe state in a given direction is given
by ρˆscprobe ∝ Trλ
[
Tˆ ρˆinTˆ
†
]
, where Trλ is the partial trace
over the target state space.
Application to Magnetic Scattering. We next extend
van Hove’s theory [2, 5] to this context. Consider the
case of a neutron probe, with spin 12 σˆ and mass m = mn,
interacting magnetically with electrons (of mass me) of
the target through the interaction potential
Vˆ = γµNµB
∑
j
[
2σˆ · ∇ × ( sˆj ×Rj|Rj|3 )−
{
pˆj,
σˆ ×Rj
~|Rj|3
}]
,
1 lim→0+
1
u∓i = ±ipiδ(u)+P
(
1
u
)
, P the Cauchy principal value.
We use the identity δ(u) = 1
2pi~
∫∞
−∞ dte
−itu
~ .
3where {A,B} = A·B+B·A, γ = −1.913 is the neutron’s
gyromagnetic ratio, µB =
e~
2mec
and µN = meµB/mn are
the Bohr and nuclear magnetons, respectively. The spin
of the j-th electron is sˆj (eigenvalues± 12 ), and the position
vector from the j-th electron to the neutron is denoted
as Rj. Using the identity R = − R32pi2∇
∫
dq 1q2 e
iq·R and
completeness
∑
λ′ |λ′〉〈λ′| = 1 one can show
d2σ
dΩ dEk′
=
k′r20
4pi2I
∫
dk1 k
3
1dΛ
∗
k1dΛk2S(κ1,κ2, ω)
with scattering vector κ1,2 = k1,2 − k′, and r0 = γe
2
mec2
.
The response function can be written as
S(κ1,κ2, ω) =
∑
λ
pλ
2pi~
∫ ∞
−∞
dte−iωt (3)
×Tr[ρˆαk1,k2〈λ|σˆ · Qˆ†⊥(κ1)σˆ · Qˆ⊥(κ2, t)|λ〉]
with magnetic operator Qˆ⊥(κ, t) = e
iHˆ0t
~ Qˆ⊥(κ)e
−iHˆ0t
~ ,
Qˆ⊥(κ) =
∑
j e
iκ·rj(κ˜ × (sˆj × κ˜) − i~ κ˜κ × pˆj), and κ˜ =
κ/κ. The matrix ρˆαk1,k2 = |χk2·ξ〉〈χk1·ξ| encodes the spin
states of the entangled-probe wave packets along with the
ξ-dependent phase-shift, with Tr[ρˆαk1,k2 ] = cos(
k1−k2
2 )·ξ.
It is a pure-state density matrix when k1 = k2, ρˆ
α
k1
≡
ρˆαk1,k1 = (1+ σˆ · χˆα)/2. Thus,
S(κ1,κ2, ω) =
1
2
∑
ν,ν′
ei
(−1)νΘk1−(−1)
ν′Θk2
2 Sνν′(κ1,κ2, ω),
so that spin-diagonal entries contribute to scattering
from each entangled-probe wave packet while the off-
diagonal entries account for interference between them.
Similarly we can derive the polarization of the scat-
tered neutron as
P′ × d
2σ
dΩ dEk′
=
k′r20
8pi3~I
∫
dk1 k
3
1dΛ
∗
k1dΛk2
∑
λ
pλ (4)∫ ∞
−∞
dte−iωtTr
[
ρˆαk1,k2〈λ|σˆ ·Qˆ†⊥(κ1) σˆ σˆ ·Qˆ⊥(κ2, t)|λ〉
]
.
Uncovering Entanglement from Entanglement. To
highlight the information entangled-probe scattering can
provide, we apply our framework to the case of a tar-
get with two motionless interacting electrons, i.e., a
dimer. Electrons are positioned at rj = (−1)jd/2,
j = 0, 1 (Fig. 2), and their interaction is governed by
the Heisenberg Hamiltonian Hˆt = −4J sˆ0 · sˆ1 with ex-
change coupling J . Its Hilbert space is the direct sum
of singlet and triplet subspaces: Htarget = Hs ⊕ Ht,
where Hs = Span{|λs〉 = 1√2 (|↑↓〉z − |↓↑〉z)}, and Ht =
Span{|λx〉, |λy〉, |λz〉}, with |λα〉 = 2sˆα0 |λs〉 (|↑〉α, |↓〉α are
defined along the α spin-quantization axis). A physical
measure of multipartite entanglement is the purity [7, 10].
Given a normalized state |λt〉 =
∑
α cα|λα〉 ∈ Ht, its pu-
rity is defined as Psu(2)⊕su(2)(|λt〉) = 2
∑
α,j〈λt|sˆαj |λt〉2 =
|c∗ × c|2 with c = (cx, cy, cz) [11]. A pure triplet state
Figure 2. Magnetic scattering of an entangled-probe with
entanglement length ξ, by a dimer of size |d|, into scattering
angles (θ, ϕ). The spin-quantization axis for the probe is α =
x, i.e., |↑〉x,|↓〉x. The initial state of the probe-target system
is ρˆin = |Φin〉〈Φin| ⊗ ρˆt.
is maximally entangled (un-entangled) if and only if
c∗ × c = 0 (|c∗ × c| = 1).
The initial state of the entangled probe is defined by
a Gaussian distribution g(k) =
(
∆/
√
2pi
) 3
2 e−
∆2
4 |k−k0|2 ,
with average momentum k0 = k0zˆ (k0 ≈ 1.5× 104µm−1
in [1, 4]), spatial width ∆, spin-quantization axis α =
x, and tunable entanglement vector ξ in the y-direction
(25nm < ξ < 25µm in [1, 4], see Fig. 2). We consider two
types of initial target states ρˆt = ps|λs〉〈λs|+pt Pˆt (ps,t ≥
0, TrHtarget ρˆt = 1): one thermal, with Pˆt =
∑
α |λα〉〈λα|,
and another, with Pˆt = |λt〉〈λt|, that will permit analysis
of the effect of the target’s entanglement on the DCS.
The computed total response function is a sum of
three components S(κ1,κ2, ω) = psSs→t(κ1,κ2, ω) +
pt(St→s(κ1,κ2, ω) + St→t(κ1,κ2, 0)) [11], where
Sτ→τ ′(κ1,κ2, ω) =
2m
~2
δ(k21 − k2ττ ′)Fττ ′(d)hττ ′(ξ), (5)
~kst =
√
~2k′2 − 8mJ , ~kts =
√
~2k′2 + 8mJ , ktt = k′,
Fst = Fts = F
−
d , Ftt = F
+
d , i.e., real functions (k1 = k2),
F±d (k1,k2,k
′) =
∑
j,l=0,1
(±1)j+lei[(l−j)k′·d+k2·rl−k1·rj],
which have information on the dimer structure, while
hττ ′(ξ) = δττ ′hst(ξ) +Aττ ′ cos(
k1 − k2
2
)·ξ + iBττ ′ ·〈σˆ〉,
encode the entanglement length of the probe. Here,
〈σˆ〉 = (i sin(k1−k22 )·ξ,− sin((k1+k22 )·ξ+ 2φ), cos((k1+k22 )·
ξ)+2φ), Ast = 1+(κ˜1·κ˜2)2, Bst = (κ˜1·κ˜2)κ˜1×κ˜2, Ats =
1+(c∗ ·κ˜1)(c·κ˜2)(κ˜1 ·κ˜2)−(c·κ˜1)(c∗ ·κ˜1)−(c·κ˜2)(c∗ ·κ˜2),
Bts = c
∗ × c+ (c∗ · κ˜1)(c · κ˜2)(κ˜1 × κ˜2) + (c∗ · κ˜1)(c×
κ˜1) − (c · κ˜2)(c∗ × κ˜2) (For a thermal state Ats = Ast
and Bts = Bst) and Att = −A∗ts, Btt = −B∗ts. Likewise,
the DCS contains three components
d2σ
dΩ dEk′
= ps
d2σ
dΩ dEk′
∣∣∣∣
s→t
+ pt
d2σ
dΩ dEk′
∣∣∣∣
t→s
+ pt
d2σ
dΩ dEk′
∣∣∣∣
t→t
.
4Figure 3. Thermal state triplet-to-singlet DCSs (spherical
plots (θ, ϕ)) for the case |d⊥| ≈ ξ, and the dimer aligned along
the y direction. While the ordering of sizes is faithful, plots do
not have the same scale for visualization purposes, as increases
in ∆ achieve sharp decreases in the DCS magnitudes.
There are three competing length scales in the prob-
lem: |d⊥|, that is the projection of d onto the x-y plane,
ξ, and ∆. Overall, the largest scattering amplitudes oc-
cur when |d⊥| ∼ ξ or when ∆ is the dominant scale (i.e.,
∆ > |d⊥|, ξ). This latter case (Fig. 3 ∆ > ξ) does
not differ from what one would have obtained with an
un-entangled probe. We find that a non-overlapping en-
tangled wave packet (∆ < ξ) behaves differently than an
un-entangled probe: While we get distinctive resonant
scattering as a function of the scattering angles (θ, ϕ),
0 ≤ θ ≤ pi and 0 ≤ ϕ < 2pi, in the entangled probe case,
we obtain vanishing DCS for the un-entangled probe.
Figure 3 shows triplet to singlet transition DCSs, for an
entangled beam and different relative competing scales,
in the case of an initial thermal target state. The “flower-
shape” DCS when ∆ > ξ is reminiscent of a two-slit-type
interference pattern and, as mentioned above, is also ob-
tained in the case of a standard probe.
The situation is even more remarkable when the target
state is pure. Then, some interference terms are propor-
tional to the purity Psu(2)⊕su(2)(|λt〉) of the target state
and consequently the DCS can identify entanglement in
the target. Figure 4 displays the triplet-to-singlet DCS
for three particular target states with ∆ < ξ. Maximally
entangled Bell-type states show a special shape distinct
from those of un-entangled or partially entangled states.
The latter depict two-slit-type interference patterns with
proper characteristics of the particular symmetry of the
probe and the target, while Bell-type states seem to for-
bid those patterns, perhaps as a result of their non-local
correlations.
Quantum Spin-echo Measurement. In principle, the
phase φ added by the entangler is determined by the
setup. In a neutron scattering experiment φ would de-
pend strongly on neutron wavelength [1] and a spin echo
Figure 4. Pure state triplet-to-singlet DCS (spherical plots
(θ, ϕ)) for the case |d⊥| ≈ ξ, ∆ < ξ, and the dimer aligned
along the y direction. DCSs are to scale with each other, illus-
trating the effect target-state entanglement has on the DCS
interference pattern. Purity values for maximally-, partially-
and un-entangled states are 0, 1/4, and 1, respectively.
technique might be used to obviate the need for averag-
ing the DCS over φ. We propose, in the event of such a
phase, to add an instrument (a disentangler) before the
detector that acts as an interferometer [3], cancelling the
phase φ. This quantum detection strategy we call, by ex-
tension of the neutron case, spin-echo (se) measurement.
For instance, measuring the polarization of the neutrons
amounts to an expression identical to (4) with the re-
placement σˆ ·Qˆ†⊥(κ1)σˆσˆ ·Qˆ⊥(κ2, t)→ σˆ ·Qˆ†⊥(κ1)σˆseσˆ ·
Qˆ⊥(κ2, t), where σˆse = U
†
φσˆUφ is the unitarily trans-
formed spin operator with Uφ =
∑
ν=0,1 e
i(−1)νφ|χαν 〉〈χαν |.
Note that only the polarization component perpendicular
to the α-axis is affected by this spin-echo technique.
Outlook. We formalized a scattering theory for an en-
tangled probe that includes quantum detection of the
scattered wave. By generalizing van Hove’s theory, and
applying it to a dimer target, we demonstrated differ-
ential cross section (DCS) enhancement when the char-
acteristic entanglement lengths of the probe and target
match. Further, the entangled probe may distinguish
between un-entangled and entangled target states. In
particular, when the transverse width of the wave packet
is smaller than the entanglement length, the maximally
entangled target state does not show the Young-like in-
terference pattern in the DCS which is present in an un-
entangled state. In other words, two quantum-entangled
slits display a radically different interference pattern than
a pair of un-entangled or classical slits. These observa-
tions evidence the power of an entangled probe to unveil
features of entanglement in matter. We are hopeful that
this theory and future experiments that it informs may
5shed light on complex phases exhibited by novel mate-
rials such as multiferroics, unconventional superconduc-
tors, quantum spin liquids, and frustrated magnets.
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